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In the lectures so far, we have derived two important non-trivial re-
sults:

1. The non-trivial vacuum structure of QCD requires us to add an
additional term to the QCD Lagrangian which is the 8-term:

L _ 1Ga elad ng G* éu;ﬂ/

QCD — _Z nv + 327_[2 nv . (1)

2. Under a chiral transformation with a single quark g ~— ¢*54, the
path fermion path integral measure is not invariant, and as a result
the QCD Lagrangian transforms as, see Lecture 4,

2
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In this lecture we will combine these two results and state precisely
the Strong CP problem.

1 Quark masses in the Standard Model

Electroweak symmetry breaking

Recall that the Standard Model (SM) is based on the gauge group
SU(3)c ® SU(2)Ew ® U(1)y,

where C, EW and Y stands for color, electroweak, and hypercharge
respectively. The fermion masses are generated via the Electroweak
symmetry breaking where the subgroup SU(2)pw ® U(1)y is sponta-
neously broken to U(1)gp where the latter stands for the usual elec-
tromagnetism. Note that this is a phenomenon where a gauge (local)
symmetry is spontaneously broken which is quite different to the phe-
nomena that we have studied in the beginning of the course where the
broken symmetries were global.

The gauge group SU(2)gw ® U(1)y describes the Electroweak The-
ory which unifies the weak interactions and the electromagnetism. The

3
SU(2) part consists of three gauge bosons {W;j} ) where U(1)y has
a=
By,. For the electroweak symmetry breaking to occur, one also needs
the Higgs multiplet H which is a complex doublet that transforms



under the fundamental of SU(2)gw and has hypercharge +1 *. The
Lagrangian is

1 1
Lew = — Wi, W' — By B* + (D'H)'(DyH) ~ V(H'H),  (3)

where W}, and B, are field strengths for the SU(2)gw and U(1)y
gauge bosons respectively. The covariant derivative is given by?>

D,H = <E)M —igWit" — ;g'BM>H, (4)

where ¢ and ¢’ are the gauge couplings for the SU(2)gw and U(1)y
respectively, { 7%} are the SU(2) generators3, and the coefficient in front
of the By, term comes from the hypercharge of the Higgs doublet.

The potential V(H'H) is such that the Higgs doublet obtains a VEV
which without loss of generality can be chosen as

v [0
(H)—ﬁ<1), (5)

where v ~ 250 GeV. Like we have done in the global symmetry break-
ing case, we can write the Higgs doublet around this VEV as

1 T 0
H= ﬁexp{hv} <v+h>' (6)

where & is a scalar excitation which will be identified with the Higgs
particle. Remember that in the case of spontaneous breaking of a
global symmetry, {71”} were the Goldstone bosons. The transforma-
tion law of the scalar field that gets a VEV under the broken symmetry
determine the transformation of the Goldstone bosons. The situation
here is very different. The broken symmetry is a gauge symmetry. So
the resulting transformation law for {7?} describes a gauge redun-
dancy* We can make use of this gauge freedom to set 77* = 0. This is
called the Unitary gauge. This choice is very convenient in the study
of spontaneous breaking of gauge symmetries since it removes the ki-
netic mixing between 7’s and the gauge bosons.
Using Egs. (4) and (6) with 7% = 0 one finds

_ g

t Tya7l 21072
(D'H)' (DyH) = S | WyW'F + Wiw>r

g 3 )(8/ 3)
+(&BF—W3H) (2B, - W
(g g ?

+h terms] ,

where we have neglected the h-dependent terms for now. This result
shows that the gauge bosons Wﬁ and Bj, mix with each other. To find
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' Hypercharge is the quantum number
corresponding to the U(1)y gauge sym-
metry.

*In Eq. (4), {Wﬁ} and B, are the gauge
bosons of SU(2)gw and U(1)y respec-
tively.

3 Recall that these can be written in terms
of Pauli matrices as ™ = 07/2.

4This is in contrast to the previous case
where the transformation law dictated
the physical properties of the Goldstone
bosons, ie. the fact they are massless,
and have derivative couplings.



the spectrum we need to diagonalize the mass terms. This can be
achieved by defining

Zy = cos GwWE,’ —sinfyB, and Ay :=sin wag +cos0yBy, (8)

with ,

8
tanfy := <. (9)
w g
so that
By = cos0yAy —sin6,Z, and Wﬁ =sinfyAy +cosbyZy. (10)

Then, with a little bit of algebra one can show that the Lagrangian in
Eq. (3) contains terms like

Lew D —%LFH,,F}“’ - izwzﬂv + %mézﬂzy, My = 2C§:6w, (11)
where F,, = 9,A, —9d/A, and Z,, = 9,Zy — dyZ,. Here, A, is
the photon of electromagnetism, while Z, is a massive spin-1 boson
known as the Z-boson. From Eq. (7) it is easy to see that the elec-
troweak bosons WI} and Wﬁ also become massive. It is more conve-
nient to define

Wi = L (wl ¥ wz) (12)

B ﬁ I3 w7’
where W;[ and W, refer to the eigenstates which are charged posi-
tively and negatively under the electromagnetism. They contribute to

the Lagrangian via
1 - _ -
£ = (Wi =Wy ) (MW ='W ) 4 WEWTR (13)

These are the W bosons of the Standard Model.

We see that as a result of spontaneous symmetry breaking, three
of the four gauge bosons acquire masses. A fundamental result of
the Quantum Field Theory states that the massless particles have two
degrees of freedom independent of their spins, while the number of
degrees of freedom in massive particles is 2s 4+ 1 where s is the spin.
So, when the gauge symmetry is spontaneously broken, the W and
the Z bosons should acquire an additional degree of freedom. This
comes from the complex Higgs doublet which had four degrees of
freedom before the symmetry breaking. Its three degrees of freedom
are transferred to the gauge bosons while the remaining degree of
freedom is the scalar excitation # in Eq. (6) which is nothing but the
Higgs boson of the Standard Model. A common way to explain this
phenomenon is to say that the gauge bosons eat the degrees of freedom
of the Higgs doublet to become massive.
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Fermions in the Standard Model

The theory of electroweak interactions is chiral and maximally par-
ity violating since the SU(2)gw gauge bosons only couple to the left-
handed fermions. This is just an observational fact which cannot be
explained in the Standard Model.

The above statement means that the left-handed fermions should
form doublets that transform under the fundamental representation
of SU(2)gw. Among these are the lepton doublets

)G )y e
er, HL TL

where e, y, T stands for electron, muon, and tau respectively, and v’s
are the corresponding neutrinos. The superscript 7 labels the genera-
tion. We also have the quark doublets:

N OIOIG -
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On the other hand, the right-handed fermions are singlets under SU(2) gy

so they are represented by

e% = {er, Ur, W}, u% = {ug,cr, tr}, d% = {dr,sr,br}.  (16)

One needs to specify the hypercharges. These are given by

1
L:_E' er: —1, Q:
1

5 (17)
UR : 3 dg : ~3 H:

N — O

Fermion masses

Now recall that a Dirac mass term for a fermion can be written as

£ = m(yfyr+ykyu). (18)

However, we cannot write this term explicitly since it breaks the SU(2) g

gauge invariance. But, we can write a term like
Ly = —yLHeg +h.c, (19)

JL e{) , H is the Higgs doublet and y is a dimensionless
coupling. After the electroweak symmetry breaking, H gets a VEV and

this term becomes

where L := (1/

v
Lyuk — —y\ﬁ (e{eR + e;rzeL). (20)



This is a mass term for the electron where m, = yv/ V2. An interaction
of the form given in Eq. (19) is called a Yukawa interaction, and y is
called the Yukawa coupling. With terms like these, the charged leptons
electron, muon, tau, and the down-type quarks d, s, b get their masses.

In order to give up-type quarks u, c and ¢ their masses, one uses an
interaction of the form>

L > —yQHur, where H:=ioc*H". (21)

Therefore, all the quark masses can be generated via the Yukawa in-
teraction

Ly = —YIQ Hdy — Q' Huly +hec.

. . . . (22)
S —% (y;j.Q’ (2) dly + Q' (i0?) <(1’> il + h.c.>

where there is implicit summation over the generation indices i and j.
By introducing vectors

ur = {ug,cr,tr}, (23)
dp = {dr,sL,bL}, (24)
ug = {ug,cr, tr}, (25)
dr = {dg,sr,br}, (26)
we can write Eq. (22) as
v
Lmass = =5 (df Yadg +uf Y ug) +he., (27)

where Y}, and Y} are called up and down Yukawa matrices respectively.
Note that these matrices are not diagonal in general which implies
that the mass matrix is also not diagonal. The expression in Eq. (27) is
written in the flavour basis since it is written in terms of quark flavours
u,d,s,c, b, and t.

It is possible to diagonalize the mass matrix though. In general, the
Yukawa matrices are not hermitian. However, YdY; and YMY;r are. So
as a consequence of the finite dimenisonal spectral theorem they can
be diagonalized via the unitary matrices, and the resulting diagonal
matrix has only real entries. So we can write

where U, and Uy are unitary, M, and M, are diagonal matrices. With
these, we can write the Yukawa matrices as

Y; = U;MgKY and Y, = U, M,K], (29)
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5To show that this term is SU(2)gy in-
variant one needs to remember that both
L and H transform under the fundamen-
tal representation of SU(2)gw, and in-
voke the identity

(T]TO'Z + 0207 = 0.



where K, and K; are again unitary matrices. With these definitions,
the mass Lagrangian in Eq. (27) takes the form

(%

£mass = \/E

This is still in flavour basis. To get a Lagrangian in the so-called mass

(df UM K}dr + ufU,M,Kfug) +he.. (o)

basis, we make a change of basis via
dgr — Kydg, wugr— Kydy, dp— Ugdy, up— Uyur. (31)
In this basis, the mass matrix becomes diagonal:

Linass = — (m?d{/idR,i + mf‘uz,iuR,i) +hec., (32)

where {mfl} and {m!} are the elements of the diagonal matrices
oM,/ V2 and oM, /2 respectively.

Cabibbo-Kobayashi-Maskawa (CKM) matrix

The interactions of the quarks with the electroweak gauge bosons are
flavour-diagonal which means that the gauge interactions do not mix
the flavours. However, by performing the change of basis given in
Eq. (31), these couplings will also be modified. It turns out that only
charged boson couplings are modified by this change of basis, and the
modifications is encoded in the Cabibbo-Kobayashi-Maskawa (CKM)
matrix:

Viin Vio Vi3 Via Vus Vi
Vi=UiUy= |V Voo Vs | =t |V Vs Vg |- (33)
Va1 Vap Va3 Via Vis Vi

This matrix is a 3 x 3 complex unitary matrix, so it has 9 free parame-

ters, 3 angles and 6 phases. However, many of these parameters can be

eliminated by noting that there is still a U(1)® global symmetry which

corresponds to separate U(1), rotations for each of the six quarks:

de — ei“/'djL , ujL — eiﬁ/u],;

&y s e%id] ul, s Py G

R R - MR R

where there is 70 summation over j. This would have eliminated all

the 6 phases, however if all the angles are equal «; = ; = ¢, then V

does not change. Thus, only 5 phases can be eliminated this way. In
the end we are left with 3 angles, and one phase.

The standard parametrization for the CKM matrix is
€12€13 $12€13 s13¢”"
V= | —s1c2s — c1os23513¢°  c1a023 — s12523513¢°  s:3c13 |, (35)
512023 — C12023813€°  —C12523 — 512023513 23013
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where c;j := cos(¢;j) and s;; = sin(¢;;). The three angles {912, 923, 913}
are rotation angles in the ij-flavour plane. The numerical values of the

6

three angles and the phase are ¢ R.L.Workman et al. (2022). In: PTEP

2022, p. 083Co1.

612 = 0.22500 + 0.00067 = 12.892° + 0.03839°

03 = 0.014821 300085 — 2.39611° 10 315370

613 = 0.00369 + 0.00011 = 0.21142° + 0.00630°
§ = 1.144 + 0.027 = 65.55° + 1.55°.

(36)

If the CKM matrix were real, there would be no CP violation. There-
fore, the phase § measures the amount of CP violation.

2 Strong CP violation

In the previous section, we have seen how to diagonalize the quark
mass matrix, but we haven't talked about the consequences of this op-
eration apart from the CKM matrix. Notice that the transformations
that we have performed, in particular the ones in Eq. (31) are chiral
meaning that right-handed and left-handed components transform in-
dependently. We know that these transformations are anomalous so
as a result the Lagrangian is modified according to Eq. (2) due to the
chiral anomaly. In this section our goal is to compute the modification
of the QCD Lagrangian coming from the diagonalization of the quark
mass matrix.

Chiral rotations with multiple generations

Let us start by deriving a result which we will be very useful shortly.
Consider the right-handed {y% } and left-handed {4} } Weyl fermions
where i is the generation index. Now consider the chiral rotations

gk Riph and  ¢f — Ly]. (37)
In matrix form
Yr— R¢p and ¢, — Ly,. (38)

Since L and R unitary, they can be diagonalized using unitary matrices.
Then we can write

Y= WrRgWi g and g — WLLaW ¢, (39)

where Wr and Wy are unitary, R; and L; are unitary and diagonal
matrices. Now perform a change of basis under which ; t_/3/L =
W[4, and similarly for ¢. In this basis, the transformations in Eq.
(38) become

Pr = Rigp and ¢ — Ly, (40)



We see that the transformations do not mix the flavors anymore. The
moral of the story is we can always go to a base where a general chiral
transformation parametrized by L and R becomes diagonal. So by
introducing the Dirac fermions

_ (1
Yi=1"'-1,
( #’k) (41)

for each generation, we can write the transformation law for each gen-
eration as

L] 0 eil]' 0 L 0
I{I] — ( Od Ré) Ti = < 0 ei"j)Tj = exp{z <0] 1’]> }T], (42)

where L{i and R{i are the jth components of the L; and R; diagonal
matrices, with [ i and ri being real.” In order to bring this into the form
q — e"75q for which we know how the Lagrangian transforms, we can
write the transformation in Eq. (42) as

‘ A Bile
¥ — exp 1575 ( expyis ¥ (43)
with
lX]' = 1’]‘ — l] and ‘B] = 7']‘ + l] (44)
The transformation with ¢i/2 is a vector rotation. Hence it is not

anomalous, we don’t need to deal with it.
Now from the anomaly result given in Eq. (2), we can deduce that
the change in the Lagrangian from the full transformation is

2 ~
AL =~ (Z"‘f) X 3‘5;2 GG (45)
]

The coefficient in front can be written as

Y (ri—1j) = argHei’fe_ilf = argdet (L;Rd) = argdet (L+R>. (46)
j j

The last equality follows from the fact the diagonalization in Eq. (39) is
a similarity transformation, and similar matrices have the same deter-

minant. So we have found that the rotation given in Eq. (38) modifies
the Lagrangian by

2
0 ~
8570 Ga G, 8= argdet(LJrR). (47)

AL = =352 G

Next we apply this result to quarks.
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7The components of L; and R; have
unity amplitudes since they are unitary.



Phase induced by the diagonalization of the quark mass matrix

We have seen that the Yukawa matrices can be expressed as
Yy = Uy;MuKY and Y, = U,M,K], (48)

where M, and M, are diagonal and real, and the matrices U, 4 and
K, 4 are unitary. Without loss of generality, we can also express them
as

Y; = U;MgUiKS and Y, = U, M, UK}, (49)

where IZM are other unitary matrices. Then, the mass Lagrangian in
Eq. (27) takes the form
v

Emass = \/E

We can see that in order to go to the mass basis, we need to perform a

(d{ UMUK dg + uf U, M, UK uR) the (50)

chiral rotation first given by
dr — Izd dg and ur+— K. ug, (51)
and then a non-chiral rotation with
drr — Uzdrr and upr+— Uyupr. (52)

The non-chiral rotation is not anomalous so it doesn’t modify the La-
grangian. The phase induced by the chiral rotations is

f; = argdet KK, = argdet (Y;Y,) ' = —argdetY;Y,, (53
where we have used Eq. (49) and the fact that the elements of M; and
M,, are real.

Physical 0 parameter

By using our recently derived result, we can write our final expression
for the 6 term in the QCD:
5

Lo = o2 G, G"™, 6 :=6qcp — 0y = fgcp +argdet Yy Yy, (54)

Here 6qcp is the 8 parameter of QCD that is related to the 6 vacua that
we have studied in the last lecture, and 6, comes from the diagonaliza-
tion of the quark mass matrix. The significance of the 6 term is that it
cannot be removed by a chiral transformation. To see this explicitly we
note that in QCD the current associated to the chiral transformation is
not conserved:

2 ~
0ull = 2mgfivs + 355Gl C . (55)
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The first term arises due to the non-zero quark masses, while the sec-
ond term comes from the chiral anomaly. Under a chiral transforma-
tion g + €*754 the Lagrangian is modified by, see Lecture 4

AL = —ad,J! = —2am,Givsg — 2085 G Gm
- uls — qq 154 3072 MY
‘ ne (56)
_ _qmqeﬁzx%q _ 325[52 G;IWGtZ}lV‘

Now we can perform a chiral rotation with & = 6/2 and this will
remove the 0GG term from the Lagrangian, but due to the first term
in Eq. (56) it will appear in the quark mass term

—qmgq — gy (1 + eig%)‘i- (57)

For this reason § becomes a physical parameter and will have an effect
on the physical phenomena as we shall see soon.

3 Strong CP Problem

We are now ready to state the Strong CP problem. The electric dipole
moment of the neutron is defined by the Hamiltonian

H=—d,E-S. (58)

A non-zero dipole moment has not been measured by any expriment
yet. The current experimental limit is®

dyP| <1.8x107%° ecm  (90% CL). (59)

The most precise theoretical calculation for d, based on the QCD sum
rules is?

0 =24(1.0) x 10719 ecm = 1.2(0.5) x 10720 eGeV~L.  (60)

We see that the neutron electric dipole moment is proportional to the 6
parameter, hence it should be physical. Comparing Egs. (59) and (60)
yields the bound

0] S 1071 (61)

Why the 0 parameter is so small if not zero is called the Strong CP
Problem.
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